Fermi transport of spinors can be precisely understood in terms of 2-spinor geometry. By using a partly original, previously developed treatment of 2-spinors and classical fields, we describe the family of all transports, along a given 1-dimensional timelike submanifold of spacetime, which yield the standard Fermi transport of vectors. Moreover we show that this family has a distinguished member, whose relation to the Fermi transport of vectors is similar to the relation between the spinor connection and spacetime connection. Various properties of the Fermi transport of spinors are discussed, and applied to the construction of free electron states for a detector-dependent QED formalism introduced in a previous paper.
respectively of ∧ 2 S and ∧ 2 S ⋆ (here ε AB and ε AB both denote the antisymmetric Ricci matrix), and the basis l := √ w ⊗w of L .
Then one also has the induced mutually dual, normalized bases (ζ A ) :
of U and U ⋆ , and also
Remark. In contrast to the usual 2-spinor formalism, no symplectic form is fixed. The 2-form ε is unique up to a phase factor which depends on the chosen 2-spinor basis, and determines isomorphisms
From 2-spinors to Minkowski space
Though a normalized element ε ∈ Q ⋆ is unique only up to a phase factor, the tensor product g ≡ ε ⊗ε ∈ Q ⋆ ⊗ Q ⋆ is a naturally distinguished object. This can also be seen as a bilinear form on U ⊗ U , acting on decomposable elements as g(p ⊗q, r ⊗s) = ε(p, r)ε(q,s) .
The fact that any ε is non-degenerate implies that g is non-degenerate too. In a normalized 2-spinor basis (ζ A ) one writes w = w AA˙ζ A ⊗ζ A˙∈ U ⊗ U , g AA˙BB˙= ε ABεA˙B˙a nd g(w, w) = ε ABεA˙B˙w AA˙wBB˙= 2 det w .
The Hermitian subspace H := U∨ U ⊂ U ⊗ U is a 4-dimensional real vector space, and the restriction of g to H turns out to be a Lorentz metric with signature (+, −, −, −) . Actually, for any given normalized basis (ζ A ) of U consider the Pauli basis (τ λ ) of H associated with (ζ A ), namely
where σ λ denotes the λ-th Pauli matrix; then one easily finds g(τ λ , τ µ ) = 2 δ 0 λ δ 0 µ − δ λµ . Conversely, any orthonormal basis of H can be written as the Pauli basis associated with an appropriate two-spinor basis.
It's not difficult to prove that an element w ∈ U ⊗ U = C ⊗ H is null, that is g(w, w) = 0 , iff it is a decomposable tensor: w = u ⊗s, u, s ∈ U . A null element in U ⊗ U is also in H iff it is of the form ±u ⊗ū. Hence the null cone N ⊂ H is constituted exactly by such elements. Note how this fact yields a way of distinguish between time orientations: by convention, one chooses the future and past null-cones in H to be, respectively, N + := {u ⊗ū, u ∈ U } , N − := {−u ⊗ū, u ∈ U } .
W → W ⋆ : (u, χ) → (χ,ū) .
Namely, if ψ = (u, χ) ∈ W thenψ = (ū,χ) ∈ W can be identified with (χ,ū) ∈ W ⋆ ; this is the so-called 'Dirac adjoint' of ψ . This operation can be seen as the "index lowering anti-isomorphism" related to the Hermitian product
which is obviously non-degenerate; its signature turns out to be (+ + − −), as it can be seen in a "Dirac basis" (below). Let (ζ A ) be a normalized basis of U ; the Weyl basis of W is defined to be the basis (ζ α ),
The Dirac basis (ζ ′ α ), α = 1, 2, 3, 4, is given by
one recovers the usual Weyl and Dirac representations as the matrices γ λ , λ = 0, 1, 2, 3 , in the Weyl and Dirac bases respectively.
It should be noted that no distinguished Hermitian metric exists either on U or W : assigning such structure is equivalent to fixing an observer (this point remains somewhat obscured in most traditional treatments of spinors). In fact, a Hermitian 2-form h on U is an element in U ⋆∨ U ⋆ ∼ = H * . One says that h is normalized if it is non-degenerate, positive and g # (h) = h −1 ; the latter condition is equivalent to g(h, h) = 2 . If h is normalized then it is necessarily a future-pointing timelike element in H * . For example, if (τ λ ) is a Pauli basis and (t λ ) is the dual basis, then √ 2t 0 =z 1 ⊗ z 1 +z 2 ⊗ z 2 is normalized; conversely, every positivedefinite normalized Hermitian metric h can be expressed in the above form for some suitable normalized 2-spinor bases. In 4-spinor terms: if h is assigned, then it extends naturally to a Hermitian metric h on W , which can be characterized by 2 h(ψ, φ) = k(γ 0 ψ, φ) .
Remark. Some other operations on 4-spinor space, commonly used in the literature, actually depend on particular choices or conventions. Charge conjugation, in particular, is the antilinear involution
determined by the choice of a normalized delement ω ≡ e i t ε ∈ ∧ 2 U ⋆ . Parity is the endomorphism γ 0 ≡ γ(τ 0 ) , so it depends on the choice of an observer (here written as the element τ 0 of a suitable Pauli frame). Time-reversal is the composition γ η γ 0 C , where γ η (in a Pauli basis:
is the endomorphism corresponding, via γ , to the volume form η determined by g on H.
2 Two-spinor bundle and field theories
Two-spinor connections
Consider any real manifold M and a vector bundle S M with complex 2-dimensional fibres. Denote base manifold coordinates as (x a ); choose a local frame (ξ A ) of S, determining linear fibre coordinates (x A ). According to the constructions of the previous sections, one now has the bundles Q, L, U , H, W over M , with smooth natural structures; the frame (ξ A ) yields the frames ε, l, (ζ A ) and (τ λ ) , respectively. Moreover for any rational number r ∈ Q one has the semi-vector bundle L r .
Consider an arbitrary C-linear connection Γ of S M , called a 2-spinor connection. In the fibred coordinates (x a , x A ) Γ is expressed by the coefficients Γ A a B : M → C , namely the covariant derivative of a section s : M → S is expressed as
The rule ∇s = ∇s yields a connection¯ Γ on S M , whose coefficients are given bȳ 
In the traditional notation, γ † λ indicates the h-adjoint of γ λ , and then depends on the chosen observer.
and the like. By direct calculation we find
Since Y a is real, the induced linear connection on Q is Hermitian (preserves its natural Hermitian structure). The coefficients of the induced connections˜ Γ on U , andΓ on H, turn out to bẽ
Since its coefficients are real,Γ turn out to be reducible to a real connection on H. Moreover this connectionΓ turns out to be metric, namely ∇[Γ]g = 0 . Hence, its coefficients are antisymmetric and traceless, namelỹ
The above relations between Γ and the induced connections can be inverted as
and a similar relation holds among the curvature tensors, namely
Two-spinor tetrad
Henceforth I'll assume that M is a real 4-dimensional manifold. Consider a linear morphism
(all tensor products are over M ). Its coordinate expression is
We'll assume that Θ is non-degenerate and valued in the Hermitian subspace L ⊗ H ⊂ S ⊗ S ; then Θ can be viewed as a 'scaled' tetrad (or soldering form, or vierbein); the coefficients Θ λ a are real (i.e. valued in R ⊗ L) while the coefficients Θ AAȧ are Hermitian, i.e. Θ A˙A a = Θ AAȧ . Through a tetrad, the geometric structure of the fibres of H is carried to a similar, scaled structure on the fibres of TM . It will then be convenient, from now on, to distinguish by a tilda the objects defined on H, so I'll denote byg ,η andγ the Lorentz metric, theg-normalized volume form and the Dirac map of H , and set
which have the coordinate expressions
The above objects turn out to be a Lorentz metric, the corresponding volume form and a Clifford map. Moreover
A non-degenerate tetrad, together with a two-spinor frame, yields mutually dual orthonor-
We also write
If Γ is a complex-linear connection on S, and G andΓ are the induced connections on L and H, then a non-degenerate tetrad Θ : TM → L ⊗ H yields a unique connection Γ on TM , characterized by the condition
Denoting by Γ λ a µ the coefficients of Γ in the frame
The curvature tensors of Γ andΓ are related by R λ ab µ =R λ ab µ , or
Hence the Ricci tensor and the scalar curvature are given by
In general, the connection Γ will have non-vanishing torsion, which can be expressed as
Einstein-Cartan-Maxwell-Dirac field theory
In this section I'll give an essential sketch of a "minimal geometric data" field theory which has been presented in previous papers [3, 4, 7] . The quoted words refer to the fact that the unique "geometric datum" is a vector bundle S M with complex 2-dimensional fibres and real 4-dimensional base manifold. All other bundles and fixed geometric objects are determined just by this datum through functorial constructions, as we saw in the previous sections; no further background structure is assumed. Any considered bundle section which is not functorially fixed by our geometric datum is a field. A natural Lagrangian can then be written, yielding a field theory which turns out to be essentially equivalent to a classical theory of Einstein-Cartan-Maxwell-Dirac fields. The fields are taken to be the tetrad Θ , the 2-spinor connection Γ, the electromagnetic field F and the electron field ψ . The gravitational field is represented by Θ (which can be viewed as a 'square root' of the metric) and the traceless part of Γ, namelyΓ, seen as the gravitational part of the connection. If Θ is non-degenerate one obtains, as in the standard metric-affine approach [9, 8] , essentially the Einstein equation and the equation for torsion; the metricity of the spacetime connection is a further consequence. But note that the theory is non-singular also in the degenerate case. The connection G induced on L will be assumed to have vanishing curvature, dG = 0, so that one can always find local charts such that G a = 0 ; this amounts to gauging away the conformal ('dilaton') symmetry. Coupling constants will arise as covariantly constant sections of L, which now becomes just a vector space.
The Dirac field is a section ψ ≡ (u, χ) : M → L −3/2 ⊗ W assumed to represent a semiclassical particle with one-half spin, mass m ∈ L −1 and charge q ∈ R .
The electromagnetic potential can be thought of as the Hermitian connection on ∧ 2 U determined by Γ , whose coefficients are indicated as i Y a ; locally one writes Y a ≡ q A a , where
The electromagnetic field is represented by a spinor fieldF :
The relation between Y and F will follow as one of the field equations.
The total Lagrangian density is the sum of a gravitational, an electromagnetic and a Dirac term:
In the above expressions, k is Newton's gravitational constant; a superscript # denotes "index raising" relatively to the Lorentz metricg , and the "exterior" product among vector valued forms is naturally defined. 3 One has the coordinate expressions 4 for the Lagrangian density L is a straightforward (though not short) task. Summarizing the basic results:
Writing down the Euler-Lagrange equations
• The Θ-component corresponds (in the non-degenerate case) to the Einstein equation.
• TheΓ-component gives the equation for torsion. From this one sees that the spinor field is a source for torsion, and that in this context one cannot formulate a torsion-free theory.
• TheF -component reads F = 2 dA in the non-degenerate case, and of course this yields the first Maxwell equation dF = 0.
• The A-component reduces, in the non-degenerate case, to the second Maxwell equation • Theū-andχ-components give a generalized form of the standard Dirac equation, which can be written in compact form as
Here,T denotes the 1-form obtained from the torsion by contraction, with coordinate expressionT a = T b ab .
Fermi transport
A 1-dimensional timelike submanifold L ⊂ M can be seen as a 'pointlike observer', or as the world-line of a 'detector'. Note that there is a natural inclusion TL ⊂ TM . The restriction of the spacetime time metric is a Riemann metric on L, which yields the detecor's 'proper time'. Throughout this §3 we'll assume a tetrad Θ and a spinor connection Γ to be fixed, namely we'll work in a given gravitational field background. Moreover, for simplicity, we'll assume G a = 0 as it is in the standard fied theories ( §2.3).
Since Θ is fixed, it will be convenient to make the identification TM ∼ = L ⊗ H (and the like) in order to simplify our notations. Note ( §2.2) that the scalar product of elements in TM is valued into R ⊗ L 2 , while the tensor product of elements in H is real valued; we express this fact by saying that the spacetime metric g is L 2 -scaled , while the metric on H is unscaled (or 'conformally invariant'). 
Rivisitation of the standard Fermi transport
We now consider the linear morphism over L
Choose base coordinates (x a ) ≡ (x 1 , x 2 , x 3 , x 4 ) adapted to L, namely such that ∂x 4 ≡ ∂/∂x 4 is tangent to L at the points of L; let moreover (τ λ ) be any orthonormal frame of H L such that τ 0 ≡ τ ; then one gets the coordinate expression
By 'lowering the second index' of Φ through the metric one gets a linear morphism
with coordinate expression
where the dual frame of (τ λ ) was denoted as (t λ ).
The bundle H L L has of course the connection naturally induced byΓ : the covariant derivative of any section X : L → H L is defined to be the map
X ′ for any local extensions v ′ and X ′ of v and X . But now we observe that Φ ♭ can be viewed as a section
Hence we are able to introduce a new connection of H L L , namely the Fermi connection 5 Γ F :=Γ + Φ ♭ .
The covariant derivative associated with Γ F turns out to have the expression
The usual Fermi derivative is defined as a derivation with respect to the detector's proper time, that is
proof: It follows from the fact thatΓ is metric and Φ is anti-symmetric, so that Φ ♭ is valued into the Lorentz group (see §3. 4 for more details about that). We can directly verify our statement by observing that the Lie derivative along v of the scalar field X · Y is well-defined on L independently of extensions. We then have
since Φ v is antisymmetric. 5 We recall that the difference between any two connections on a vector bundle E B is a tensor field B T *
B ⊗ B End(E) .
A section X : L → H L which is covariantly constant relatively to Γ F (namely DX = 0 , or D v X = 0 for all v : L → TL) is said to be Fermi-transported along L; a Fermi-transported section is uniquely determined 6 by the value it takes at any point of L.
A few points are worth stressing:
• The scalar product of Fermi-transported vectors is constant along L (this follows at once from the above proposition).
•
Thus Γ F preserves the splitting of H L into the direct sum of its subbundles parallel and orthogonal to τ . Moreover one also has Fermi-transported orthonormal frames (τ λ ) of H L such that τ 0 ≡ τ (one only has to fix the frame at some point of L and 'Fermi-transport' it).
In any orthonormal frame (not necessarily Fermi-transported) one has the coordinate expressions
kΓ j 4 k τ j , which are independent of any extensions of v and X . Remark. The definition of the Fermi derivative could be extended to the case when L is spacelike, but cannot be immediately extended to a derivative along a null 1-dimensional submanifold, 7 since in the latter case there exists no normalized tangent vector (τ ). Moreover, the Fermi transport along an arbitrary timelike curve cannot be seen as parallel transport relatively to some connection on H M .
However, a different kind of extension can be devised. For this purpose, we first note that the section Φ ♭ : L → T * L ⊗ End(H L ) can be extended via the spacetime metric to a section
Suppose that M is filled with congruence of timelike 1-dimensional submanifolds, with normalized tangent vector field τ : M → H. Then considering the above said extension for all said submanifolds we obtain a section
Consider now the new spacetime connectionΓ + Φ ♭ . This has the property that the parallel transport along lines of the chosen congruence coincides with Fermi transport there; the same is not true, however, for lines which do not belong to the chosen congruence. Also, note that the transport along spacelike lines orthogonal to the lines of the congruence coincides with ordinary parallel transport.
Fermi transport of 2-spinors
Let U L L be the restriction of the bundle U M to the base manifold L . Introducing an appropriate Fermi transport for spinors amounts essentially to defining a modification Γ F of the connection 8 Γ on U L L, in such a way that the induced connection Γ F ⊗¯ Γ F on H L L coincides with Γ F . The solution to the problem of determining Γ F is not unique, as we'll see, so one has got to describe the family of all solutions (in the next section, the results obtained here will be extended to 4-spinors).
There is a natural procedure we can follow: writing down an analogous of the relation betweenΓ and Γ ( §2.1). We start from the two-spinor form of Φ ♭ , namely
By taking half the trace of Φ ♭ relatively to its conjugate 2-spinor indices we get the section
which has the coordinate expression φ = φ
A simple calculation, using the properties of the Pauli matrices, gives then
Note that Tr(φ) = φ Next, we introduce the spinor Fermi connection on U L L ,
which has the coordinate expression
If v : L → TL and u : L → U L are sections, then
8 For simplicity, we denote the restriction of Γ by the same symbol.
proof: The coefficients of Γ
F ⊗¯ Γ F are ( Γ F ⊗¯ Γ F ) AA4 BB˙= Γ F A 4 B δ AḂ˙+ δ A B¯ Γ F A4 B˙= ( Γ A 4 B + φ A 4 B ) δ AḂ˙+ δ A B (¯ Γ A4 B˙+φ A4 B˙) = = ( Γ A 4 B δ AḂ˙+ δ A B¯ Γ A4 B˙) + (φ A 4 B δ AḂ˙+ δ A Bφ A4 B˙) = =Γ AA4 BB˙+ Φ AA4 BB˙.
Now we observe that any other connection
A short discussion then shows that Ξ
Conclusion: we obtained a family of connections of the restricted bundle U L L . Each element of the family yields the standard Fermi transport, and is characterized by the arbitrary choice of an imaginary function on L . Γ F is a distinguished element of the family, so we see it as the natural generalization of Fermi transport to 2-spinors.
Fermi transport of 4-spinors
The coefficients of the connection induced by Γ on U ⋆ M (namely the dual of¯ Γ, see §2.1)
The couple ( Γ, * Γ) then constitutes the induced (4-spinor) connection on the bundle U ⊕ U ⋆ ≡ W M . Its coefficients can be expressed [4] in the form
Its restriction to W L L can then be modified in order to obtain a 4-spinor Fermi connection, that is the connection ( Γ F , *
obtained from Γ F by a similar procedure. Namely, this new connection differs from ( Γ, * Γ) by the section
where the transpose conjugatē
has the coordinate expression
After some calculations we also find 
Group considerations
A detailed study of the relations between 2-spinor groups, 4-spinor groups and the Lorentz group was exposed in [7] . In this section I'll just recall a few results which are relevant in the present discussion.
In the algebraic setting of §1.2 consider the group
which preserves the two-spinor structure. Its relations with the special orthochronous Lorentz group and the orthochronous Spin group are described by the commutative diagram
One has the isomorphic Lie algebras LLor ≡ LLor(H) , LSpin ≡ LSpin(W ) and
Furthermore LLor(H) is isomorphic, as a vector space, to ∧ 2 H. Thus one has the diagram of isomorphisms
where the relations among the above objects are as follows. 
An application: free QED states
Though a kind of 'covariance' can be achieved in flat spacetime, current quantum theory remains essentially observer-dependent. This feature is most evident when one tries to formulate QFT in curved spacetime, where one is unable to define a distinguished, observer-independent set of free states (e.g. see Birrel and Davies [1] ).
In a previous paper [6] I studied a quantum formalism, in momentum space, carried by a pointlike observer: connections on underlying 'classical' bundles determine 'quantum connections' on 'distributional bundles', namely bundles over spacetime whose fibres are distributional spaces, and restriction to a given observer worldline does the job. 9 I also hinted at the possibility that free electron states, for the observer's formalism, be described in terms of a Fermi transport of spinors, rather than by ordinary covariant transport. This seems natural in view of the standard interpretation of the usual Fermi transport of vectors in relation to small gyroscopes carried by the observer.
For m ∈ L −1 let P m ⊂ T * M be the subbundle over M of all future-pointing p ∈ T * M such that g # (p, p) = m 2 . Then P m is the classical momentum bundle for a particle of mass m (the limit case m = 0 can also be considered). Consider the 2-fibred bundle
whose upper fibres are the spaces of half-densities of the momentum spaces. If V P m is a complex vector bundle (whose fibres represent the internal degrees of freedom of the particle) then for each x ∈ M one has the vector spaces
which can be assembled [5] into a smooth bundle V 1 M (smoothness being defined in a certain, appropriate way). A Fock bundle can be constructed as V := ∞ i=0 V i , where V i is defined to be either ∧ i V 1 or ∨ i V 1 (respectively, antisymmetrized and symmetrized tensor products for fermions and bosons). Thus one particle states are represented as V -valued generalized half densities.
The spacetime connection determines a connection Γ m on P m M ; moreover, in the usual physical situations one has a connection V → P m → M which is linear projectable over Γ m . These determine a connection on V 1 M and hence on V M . For each p ∈ (P m ) x , x ∈ M , let δ p be the Dirac density with support {p} in (P m ) x , ω m the Leray density of (P m ) x ⊂ T * x M and b α (p) a basis of V p . Let moreover l ∈ L be a 'length unit'. Then the set B pα , with 
is adapted to the splitting determined by p ≡ m g ♭ (τ x 0 ) . Next we Fermi-transport this basis along L. τ itself is Fermi-transported, and so is the 1-form τ ♭ := g ♭ (τ ) corresponding to τ via the spacetime metric. Thus we get a Dirac frame u A (m τ ♭ ) , v A (m τ ♭ ) which is adapted to splitting determined by p ≡ m τ ♭ . Now we have to extend this to a Dirac frame of W L for all p ∈ (P m ) L . This can be done, at each x ∈ L, essentially by the usual procedure of the flat inertial case. Namely, if p ∈ (P m ) x is now an arbitrary 4-momentum at x then take the unique boost Λ such that Λ(τ x ) = g # (p)/m ; up to sign there is a unique transformation K ∈ Spin(W ) which projects over Λ, and an overall sign can be fixed by continuity. 11 This K transforms the Dirac frame u A (m τ ♭ ) , v A (m τ ♭ ) into the new Dirac frame u A (p) , v A (p) .
The introduction of free photon states has subtilities of a different nature, while their transport along the observer's world line is performed via ordinary Fermi transport. Then one modifies the induced free-particle connection on the Fock bundle of QED by an interaction (not deduced from any underlying classical structure) which yields the full picture of electrodynamics (see [6] for details).
